First-order action and Euclidean quantum gravity 
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Abstract 

We show that the on-shell path integral for asymptotically flat Euclidean 
^ . spacetimes can be given in the first-order formulation of general relativity, with- 

{3J}| out assuming the boundary to be isometrically embedded in Euclidean space 

and without adding infinite counter-terms. For illustrative examples of our 
' approach, we evaluate the first-order action for the four-dimensional Euclidean 

■ Schwarzschild and NUT-charged spacetimes to derive the corresponding on- 

0^ , shell partition functions, and show that the correct thermodynamic quantities 



for the solutions are reproduced. 
PACS: 04.70.Bw; 04.20. Cv 

1 Introduction 

To study the thermodynamics of any system from a quantum-mechanical point of 
view, the quantity of interest is the partition function. In the operator representa- 
tion, this is 



Tr 



exp , (1) 



for a system of fields (p at finite temperature T = 1/ (3 with Hamiltonian H\(j)\. In 
the path integral representation (1) is equivalent to the expression [1] 



j P[(^]exp (- 



^ -m ] , (2) 

where is the classical action. 
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Evaluation of 2, however, is quite difficult in practice: the integration and the 
measure T)[(j)\ are difficult to construct. The problem is that the integration is over 
all fields [0], not just the classical fields (j)Q that satisiy the equations of motion 
5I[0o] = 0. For physical applications, however, it is reasonable to expect that 
the dominant contributions to the partition function will come from fields that are 
close to the classical fields (i.e. the stationary-phase approximation). So for a field 
(f) = (f)Q + 5(f) the action can be expanded in a Taylor series such that 

/[(/-o + S4>] = i[cl>o] + 6i[cl>o, 6ct>] + S^i[cl>o, <5.^] + . . . . (3) 

For a generic field (j) the first term /[^o] is assumed to be finite, the linear term 
SI is assumed to vanish, while the quadratic term S^I is assumed to be positive- 
definite [2]. If these three properties hold, then the on-shell partition function may 
be approximated to the expression 

Z = exp (-/>o]) (4) 

This form of the partition function is known as the stationary-phase approximation 
to the path integral (2). The standard quantities of thermodynamics can then be 
calculated. In particular, the average energy {E) and entropy S are given by 

{E) = ^ and S = f3{E)+lnZ. (5) 

The physical meaning of the energy may differ based on the boundary conditions 
that are used, i.e. holding the pressure or volume constant. 

For gravitational objects that satisfy the Einstein equations, the partition func- 
tion of interest is evaluated for the Einstein-Hilbert action on a D-dimensional 
manifold in a bounded region [1,3,4]: 

na] = ^ f Rd''v + - i Kd^'-W, (6) 

where k = Svr (with Gd = 1), dM is the boundary of A^, i? is the Ricci scalar 
of the spacetime metric g and K is the trace of the extrinsic curvature of the 
boundary dM, d^V is the volume clement determined by g, and dP~^V is the 
volume element determined by the induced metric h on ^^A. The surface term in 
(6) can be understood to arise in the action principle for general relativity because 
the Lagrangian density depends on the second derivatives of the metric. As a result 
the first derivatives of g in addition to g itself must be held fixed on dM.. This is 
in contrast to the usual form of variational principles for which only the field itself 
is held fixed. If M is spatially compact then a well defined variational principle for 
the action (6) exists. In this case (and in this case only), the partition function is 
well defined, and the stationary-phase approximation gives 

Z = exp (-/bo]) (7) 
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Prom here one can then calculate the average energy and entropy of the spacetime 
with metric gg. 

The above prescription for finding the thermodynamic properties of gravita- 
tional objects works well if Ai is spatially compact, but contains the seeds of many 
problems if Ai is asymptotically flat: in the latter case the action (6) is infinite, 
even in the flat limit. This would imply that the partition function (4) evaluated on 
asymptotically flat Euclidean spacetimes is ill-defined. The solution (for Lorentzian 
spacetimes) is to isometrically embed the boundary manifold {dM, h) in Minkowski 
spacetime, calculate the extrinsic curvature Kq of dM. defined by the Minkowski 
metric, and subtract the resulting quantity from the boundary integral in (6). Thus 
the action [4] 

M = ^l Rd''V + -l {K-Ko)d''-'V (8) 

gives a well defined action principle for asymptotically flat spacetimes. One may 
then proceed to flnd the partition function for asymptotically flat spacetimes such 
as the Schwarzschild or Kerr solutions, and hence the thermodynamic quantities 

of interest. The problem with the infinite subtraction in the action (8) is that the 
embedding scheme does not work for generic spacetimes in dimensions D > 4 [1, 5- 
7]. This is because the Gauss-Codazzi equation {in D > 3 dimensions) cannot be 
generically solved for the extrinsic curvature. In addition, the infinite subtraction 
method crucially depends on the topology of the system under consideration. 

Since the original work of Gibbons and Hawking [4] many proposals for counter- 
terms have been proposed. See e.g. [2,5,8-12]. These counter-term methods resolve 
the limitations of the infinite subtraction method, and have led to an understand- 
ing of the thermodyanmics of a number of solutions that was not possible before. 
Physically, however, it is desirable to employ a framework that generically produces 
finite quantities without the need of adding any counter-terms. As was recently 
shown [6,7], the first-order formulation of general relativity based on orthonor- 
mal co-frames and Lorentz connections as independent fields does provide such a 
framework for asymptotically flat spacetimes in D > 4 dimensions. The purpose of 
this paper is to show that a partition function can be given for asymptotically flat 
Euclidean manifolds in this framework. 

2 Finiteness of the first-order action 

We proceed with our discussion of the properties of the flrst-order action parallel to 
that in [7]. The Gartesian coordinates x"' of the flat m,etric g°f^ = (^j./^eJ^^Cf/ and the 
associated radial coordinates (r, (with = 5ahx"'x^ and the standard angular 
coordinates on hyperboloids defined by r = constant) will be used in asymptotic 
expansions. Detailed analysis shows that to define the angular momentum one needs 
ej to admit an expansion to order D — 2. Therefore, we will assume that ej can 
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be expanded as: 

0, 



-D-3„ 



with a reflection symmetric e($). Here and in what follows 

ra = dar and = r/^-^^eVa • (10) 

To appropriate leading orders, Aj^ can be required to be compatible with ej on 
the boundary dM. of M.. This leads us to require that Aj'' is asymptotically of 
order D — 1, 

A = Oa($) + ^ + . . . + + 0(r^-^) . (11) 

Compatibility of A with e and flatness of °e enables us to set °A = . . . = ^"^A = 
and express ^~'^A as 

^-X"($) = 2r^-2a[^ fr^-^ • (12) 



We consider a D-dimensional Euclidean manifold bounded by two spacelike 
Cauchy surfaces, Mi and M2, which are asymptotically related by a time translation. 
In the first-order formulation of general relativity the action is given by (see e.g. 
[7]) 

^le, A] = ^ f ^ijAn'^-^f Eij A A'-^ . (13) 
Jm ^'^ JdM 

This action depends on the co-frame and the SO{D) connection A^ j. The co- 
frame determines the metric gab = hjej ® e^"^, {D — 2)-form E/j = [1/{D — 
'^y\^iJKi...Ko-2^^^ ^' ■ • and spacetime volume form e = e°A- • • Ae^~^, where 

^h...iD is tli6 totally antisymmetric Levi-Civita tensor. The connection determines 
the curvature two-form 

n'j = dA'j + A^K A = In'jKLe'' A , (14) 

with jj^i^ as the Riemann tensor. Internal indices /, J, . . . G {0, . . . , — 1} are 
raised and lowered using the flat metric 5/j = diag(l, . . . , 1). 

Now, as was explicitely shown in [6] and [7], "power counting" arguments are 
sufficient to show that / is finite and that (5/ = on shell. Thus the limitations 
of the infinite subtraction method discussed in the Introduction are resolved as 
a consequence of the natural boundary conditions for asymptotic flatness in the 
first-order formalism, without having to add counter-terms. Therefore the on-shell 
partition function in the first-order framework is 

^ = exp(-/[eo,Ao]) . (15) 

This is precisely the zero- loop contribution to the path integral (4). The partition 
function (15) is well defined because of two important features of the first-order 
action: 
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1. It does not require, or make any reference to, the embedding of dM. in Eu- 
clidean space; 

2. It is finite for asymptotically flat Euclidean manifolds without any counter- 
terms. 

These key properties are important for Euclidean quantum gravity techniques to be 
apphcable to generic spacetimes in dimensions D > A, regardless of topology. 

3 Correspondence between the first-order and second- 
order boundary terms 

An important feature of the boundary term in the action (13) is its inequivalence to 
the GHY boundary term in the action (8) for generic spacetimes with boundaries. 
This can be understood in the following way. First, fix an internal gauge once and 
for all such that ria = rijej is the unit normal to dM. = Mi U M2 U Too, and that 
daTii = on Ml and M2. Now we note that the first-order boundary term, in 
components, can be simplified to 

/ ^ijAA^'^ = 2(f ee^^Ajnj, (16) 

JdM JdM 
with e the volume form on ^^A (for useful identities that make this proof simple, 
see Section 2.3.1 of [13]). Now we note that the extrinsic curvature, in general, is 
given by 

Kab = K'^K'^VcTld 

= h,'^h,\dcni + A^/nj)eJ, (17) 

where we used the relation Ua = njej and the compatability of ej. Taking the 
trace of the extrinsic curvature therefore gives the identity 

e'^'Ajnj = K- e'^'dam . (18) 

It follows that on dM the first-order boundary term is given by 

/ E7jA^" = 2/ £{K-K'o), (19) 
JdM JdM 

where we defined the quantity Kq = e^^danj. From this correspondence we can 
make the following two conclusions: 

1. On Ml and M2 we have that S/j A A^'^ = 2£K, which is precisely the GHY 
term. 

2. On Too the first-order boundary term will coincide with the GHY term in 
(8) if and only if there exists an isometric embedding of the boundary Too in 
Euclidean space (i.e. where e = ''e($)). 
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To summarize, we can recover a second-order action by enforcing compatability 
between co-frame and connection in the first-order action. The resulting second- 
order action reproduces exactly the GHY boundary term if the boundary can be 
isometrically embedded in Euclidean space, as is required in the GHY prescription. 
By contrast, no such cmdcdding is required in the first-order framework. This 
important feature will be illustrated in the next section, where we will reproduce 
the correct thermodynamical quantities for NUT-charged spacetimes. 

We conclude this section by commenting on the gauge invariance of the first- 
order boundary term in (13). At first glance it may seem that this boundary term 
breaks gauge invariance because of the explicit dependence of the connection in the 
integrand. However, this is not the case. In particular, the gauge invariance on Mi 
and M2 follows trivially from the preceeding discussion: on Mi and M2 we have 
that S/j A A^'^ = 2eK which is manifestly gauge invariant. On the other hand, on 
Too the co-frame e tends to while permissible gauge transformations of A tend to 
identity (i.e. under infinitesimal gauge transformations). Therefore our boundary 
term is also gauge invariant on Too- 



4 Partition functions and thermodynamics 

As illustrative examples of our formalism, we will now derive the partition functions 
(15) and hence the thermodynamic quantities in (5) for specific solutions to the Ein- 
stein equations. For concreteness, we will evaluate the first-order action (13) for the 
Euclidean Schwarzschild, Taub-NUT and Taub-bolt spacetimes in four dimensions. 
All three examples are vacuum solutions, so that the corresponding bulk actions do 
not contribute. 

To evaluate the boundary terms, the standard prescription is to evaluate seper- 
ately the contributions from the inner and outer boundaries by calculating the 
integrals on constant-r hypersurfaces and taking the limits as r goes to the hori- 
zon and to infinity; for all three examples the contribution from the inner limit is 
zero. Therefore in what follows we will only provide details of the contribution at 
Too- In the first-order formalism, the calculation of Too's contribution amounts to 
calculating the ^A contribution to the boundary integral, which can be obtained by 
expanding the co-frame in powers of r"^ and substituting the term in equation 
(12). 

4.1 Schwarzschild solution 

The metric for four-dimensional Schwarzschild spacetime with Euclidean time r has 
line element [14] 
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with /(r) = 1 — 2M/r and M the mass of the source. Regularity of the metric at 
the point singularity r = 2M requires that r have a period = SttM. 
A suitable tetrad of co-frames for this spacetime is given by 

e° = ^/]dT , = -^dr , = rdO , = rsm9d(j) . (21) 
v/ 

Expanding this tetrad in powers of r~^, we find that the only non-zero compo- 
nents are 

V = -i^, 'e^'=M, (22) 
and substituting these into (12) gives 

= ^ 2^^01 ^ _^ _ ^23) 

We therefore find that the Euclidean action is given by 

2 /I 01 



-II- 2 /I Ui 



IGtt ■ 

Substituting this in (15) then gives the partition function 



(24) 



Z = exp(-4). (25) 

The thermodynamic quantities can now be calculated. Prom (5) we have that 

{E) = M and S = AttM^ . (26) 

Replacing M = r+/2 and noting that the surface area A of the horizon is ^4 = 47rr^ 
we get S = A/4 as should have been expected. 

4.2 NUT-chcirged solutions 

The metric for four-dimensional Taub-NUT spacetime with Euclidean time r has 
line element [14] (see also [12]) 

ds'^ = V(r) [dT + 2N cos Odc^f + + (r^ - N^){d9^ + sin^ ^ /27) 

V[r) 

with V{r) = (r^ - 2Mr + N^)/{r^ - N^) and N the NUT parameter. Regularity of 
the metric requires that r have a period /3 = 8ttN. 

A suitable tetrad of co-frames for this spacetime is given by 

6° = WdT + 2VVN cos , = , = \/r^^l^de , 

g3 ^ -iV2sin6'd(^ . (28) 
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Expanding this tetrad in powers of r ^, we find that the non-zero components 
are 

^eo° = -M, ^63° = 2iVcos^, ^e-^^ = M , (29) 
and substituting these into (12) gives 

2y4o°^ = M , 2^1°^ = -M , 2^3°^ = -2N cos 9 , ^^3°^ = -2N cos 6 . (30) 
The Euchdean action for the Taub-NUT spacetime is therefore given by 

, r 2 A 01 

I = Li 2 3 j1^^^^ 

= AttMN . (31) 

Substituting this in (15) then gives the partition function 

Z = exp (-47rMiV) . (32) 

This result agrees exactly with the action that was computed by Astefanesei et al 
[12] using the Mann-Marolf counter-term method. The thermodynamic quantities 
can now be calculated. In particular, substituting M = N into (32) we find the 
average energy and entropy for the "NUT" charge given by 

(E) = N and S = AttN'^ , (33) 

while substituting M = 5N/4 into (32) we find the average energy and entropy for 
the "bolt" charge given by 

{E) = ^ and S = 5ttN^. (34) 

Therefore we find agreement with previous results due to Mann [9] and Astefanesei 
et al [12]. 



5 Discussion 

Since the pioneering work of Gibbons and Hawking [4] on the Euclidean path integral 
methods of black-hole thermodynamics, calculations of partition functions have been 
almost exclusively done in the second-order formalism. In this formalism, however, 
the semiclassical approximation of considering small perturbations around a classical 
asymptotically flat solution faces two obstacles: (1) the action is not finite, even 
on-shell; and (2) the linear term in the perturbation need not vanish. These two 
problems can both be solved by adding counter-terms to the action [2, 5, 8-12], but 
these are model-specific post hoc additions. 

By contrast, the first-order action is finite on-shell under the natural boundary 
conditions arising from asymptotic flatness [6, 7], and does not require the boundary 
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to be isometrically embedded in Euclidean space. We have shown here that the 
EucHdean path integral in the first-order formalism yields a well defined partition 
function without the need of adding by hand any counter-terms. 

The first-order action, when evaluated on the Euclidean Schwarzschild, Taub- 
NUT and Taub-bolt solutions, agree exactly with the counter-term methods in the 
second-order formalism. In turn, the corresponding partition functions for these 
solutions in the first-order and second-order frameworks are identical. The simpli- 
fied manner by which this was achieved in the first-order formalism relative to the 
second-order formalism suggests that this provides a more solid basis for quantum 
theory. 
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